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EQUILIBRIUM STATES OF GENERALISED SINGULAR
VALUE POTENTIALS AND APPLICATIONS TO AFFINE
ITERATED FUNCTION SYSTEMS
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Abstract. We completely describe the equilibrium states of a class of
potentials over the full shift which includes Falconer’s singular value
function for affine iterated function systems with invertible affinities.
We show that the number of distinct ergodic equilibrium states of such
a potential is bounded by a number depending only on the dimension,
answering a question of A. Ka¨enma¨ki. We prove that all such equi-
librium states are fully supported and satisfy a Gibbs inequality with
respect to a suitable subadditive potential. We apply these results to
demonstrate that the affinity dimension of an iterated function system
with invertible affinities is always strictly reduced when any one of the
maps is removed, resolving a folklore open problem in the dimension
theory of self-affine fractals. We deduce a natural criterion under which
the Hausdorff dimension of the attractor has the same strict reduction
property.
1. Introduction and context
If T1, . . . , TN : R
d Ñ Rd are contractions it is well-known that there exists
a unique nonempty compact set X Ă Rd which solves the equation X “ŤN
i“1 TiX. In this article we will refer to the tuple pT1, . . . , TN q as an iterated
function system and the set X as its attractor. When the transformations Ti
are all similarity transformations the set X is called self-similar ; when they
are assumed only to be affine transformations X is called self-affine. Subject
to suitable hypotheses which guarantee that the distinct images TiX do not
substantially overlap, the dimension theory of self-similar sets has been well
understood since the work of J.E. Hutchinson in 1981 [28]. (Investigation of
the overlapping case remains an active and challenging research topic: see
e.g. [23, 26, 25, 42].) The dimension theory of self-affine sets, by contrast,
has been a source of stubborn open problems since its initiation in the
1980s by Bedford [8], McMullen [35] and Falconer [15], and affine iterated
function systems remain the focus of substantial research interest (see e.g.
[2, 4, 6, 7, 10, 20, 22, 29, 38, 39, 41]). A persistent feature of the literature
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on affine iterated function systems has been the requirement for additional
hypotheses on the linear parts of the affinities in order to obtain results:
they may be required to be positive or dominated [3, 6, 13, 12, 27], to be of
low dimension [2, 3, 6, 8, 12, 21, 27, 33, 35, 39], to have a simple algebraic
structure [2, 8, 10, 14, 21, 35] or to induce invariant measures on projective
space which themselves satisfy suitable dimension hypotheses [3, 12, 39, 41].
In this article we contribute to the still very small literature of results on
affine iterated function systems which require no hypotheses whatsoever on
the affinities other than that they be contracting and invertible.
We recall that an iterated function system pT1, . . . , TN q satisfies the open
set condition if there exists a nonempty open set U Ď Rd such that TiU Ď U
for every i “ 1, . . . , N and TiU X TjU “ ∅ when i ‰ j. If T1, . . . , TN
are similarities satisfying the open set condition with Ti having contraction
ratio ri P p0, 1q, a well-known theorem of Hutchinson [28] asserts that the
Hausdorff dimension s of the attractor satisfies the equation
řN
i“1 rsi “ 1.
Let us note three trivial consequences of this formula: firstly, if the maps Ti
are perturbed within this class then the value of the Hausdorff dimension
predicted by the formula varies continuously with the perturbation; secondly,
the value of s may clearly be computed to within any prescribed accuracy in
a finite amount of time when the contraction ratios ri are known; thirdly, if
one of the maps Ti is deleted then the value of the dimension predicted by the
formula is strictly decreased. The extent of the difficulties presented by affine
iterated function systems may perhaps be appreciated by observing that in
the affine context an analogue of the first property was not established until
2014 by D.-J. Feng and P. Shmerkin [20] and an analogue of the second
property was unknown until established by the second named author in the
recent article [38]. Prior to the present article the third property was known
in the affine context only in dimensions three and lower [33] or when the
affinity dimension (defined below) is a rational number [32]. As a corollary
of the main result of this article we will establish the third of these three
properties unconditionally for invertible affine iterated function systems of
arbitrary dimension.
Let us describe the appropriate generalisation of Hutchinson’s formula to
affine iterated function systems. When Ti is a similarity transformation all
of the essential information about the s-dimensional volume of the image
of the unit ball is captured by its contraction ratio ri, but when Ti is an
affine transformation more detailed information is required. If A is a linear
transformation of Rd we recall that the singular values of A are defined to be
the non-negative square roots of the eigenvalues of the positive semidefinite
linear map AJA. We will write the singular values as α1pAq ě α2pAq ě
¨ ¨ ¨ ě αdpAq, allowing repetition in the case of multiple eigenvalues. The
existence of the singular value decomposition of A implies that the image
of the unit ball under A is an ellipsoid with the lengths of the semiaxes
equal to the singular values of A. Given a real number s ą 0 and linear
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transformation A of Rd we define the singular value function ϕspAq by
ϕspAq :“
"
α1pAq ¨ ¨ ¨αtsupAqαrsspAqs´tsu 0 ď s ď d
| detA|s{d s ě d.
It is well-known that ϕspABq ď ϕspAqϕspBq for all linear transformations
A,B of Rd. If pT1, . . . , TN q is an iterated function system on Rd defined by
Tix “ Aix` vi for linear maps Ai and vectors vi P Rd we define the pressure
P pϕsq of pT1, . . . , Tnq to be the limit
P pϕsq “ P ppA1, . . . , AN q, sq :“ lim
nÑ8
1
n
log
Nÿ
i1,...,in“1
ϕs pAin ¨ ¨ ¨Ai1q ,
a quantity introduced by Falconer in [15]. The existence of the limit is
guaranteed by subadditivity. For fixed invertible contractions pT1, . . . , TN q
the function s ÞÑ P pϕsq is continuous and strictly decreasing and has a
unique zero, which we call the affinity dimension of pT1, . . . , TN q and denote
by dimaffpT1, . . . , TN q. When all of the transformations Ti are similarities
with respective contraction ratios ri the equation P pϕsq “ 0 simplifies to
Hutchinson’s formula
řN
i“1 rsi “ 1.
By contrast to the case of self-similar sets, the problem of finding suffi-
cient conditions for the Hausdorff dimension of a self-affine set to equal the
affinity dimension of the defining iterated function system is one of notori-
ous difficulty. It was shown by Falconer [15] that the affinity dimension is
always an upper bound for the Hausdorff dimension of the attractor, but the
problem of finding explicit general criteria for the affinity dimension to also
be a lower bound for the Hausdorff dimension remains challenging. As is
typically the case in dimension theory, attention has focused on the construc-
tion of measures on the attractor whose Hausdorff dimension approximates
or equals the desired lower bound.
Let us describe a key mechanism by which such measures of maximal
dimension might be found. Given pT1, . . . , TN q with Tix “ Aix ` vi let X
denote the attractor of pT1, . . . , TN q, let ΣN :“ t1, . . . , NuN and let σ : ΣN Ñ
ΣN denote the shift transformation σrpxmq8m“1s :“ pxm`1q8m“1. We equip
ΣN with the infinite product topology, which respect to which ΣN is compact
and metrisable and σ is continuous. LetMσ denote the set of all σ-invariant
Borel probability measures on ΣN . Given any pxmq8m“1 P ΣN and v P Rd
there exists a unique limit
pi rpxmq8m“1s :“ limnÑ8Tx1Tx2 ¨ ¨ ¨Txnv P X
which is independent of the choice of v P Rd. If µ is a fixed σ-invariant Borel
probability measure on ΣN then the function
s ÞÑ hpµq ` lim
nÑ8
1
n
log
ż
ΣN
ϕspAxn ¨ ¨ ¨Ax1qdµrpxmq8m“1s
is well-defined, continuous and strictly decreasing and has a unique zero
which we call the Lyapunov dimension of µ, denoted dimLyap µ. (Here hpµq
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denotes the Kolmogorov-Sinai entropy of µ with respect to σ.) One may
show without difficulty that
dimH pi˚µ ď dimLyap µ ď dimaffpT1, . . . , TN q.
If therefore one wishes to contruct a measure on X with Hausdorff dimension
equal to dimaffpT1, . . . , TN q by projecting a σ-invariant measure µ from ΣN
onto X, one must necessarily choose the measure µ in such a way that its
Lyapunov dimension is equal to the affinity dimension of pT1, . . . , TN q. Such
measures are precisely those elements of Mσ which maximise the quantity
(1.1) hpµq ` lim
nÑ8
1
n
log
ż
ΣN
ϕspAxn ¨ ¨ ¨Ax1qdµ rpxmq8m“1s
where s :“ dimaffpT1, . . . , TN q. In order to construct measures on self-affine
sets whose Hausdorff dimension realises the affinity dimension, then, it is
desirable to be able to describe and characterise precisely those measures
which maximise (1.1). We refer to such measures as equilibrium states of
pA1, . . . , AN q with respect to ϕs. When the transformations Ti are similari-
ties there is a unique equilibrium state, it is a Bernoulli measure, and under
the open set condition on the maps Ti it projects to a measure with Hausdorff
dimension equal to that of the attractor [28]. For general affine contractions
the existence of at least one equilibrium state follows from abstract consid-
erations involving the semicontinuity of the functional (1.1) onMσ (see [31])
but the structure and properties of equilibrium states have largely remained
elusive, especially in higher dimensions and when the matrices Ai are not
positive or dominated.
In recent years a number of sufficient conditions have been given for
the Hausdorff dimension of a self-affine set to equal the affinity dimen-
sion of its defining iterated function system, and the investigation of the
equilibrium states of ϕs has typically played a critical roˆle in these works
[3, 4, 6, 12, 27, 39]. The equilibrium states of ϕs currently being poorly
understood in general, a common feature of research which applies these
measures to obtain dimension results has been the imposition of conditions
on A1, . . . , AN in order to guarantee that the equilibrium states are unique
and admit explicit estimates or descriptions [4, 5, 6, 12, 27]. Our objective
in this article is to obtain the first complete description and characterisation
of the equilibrium states of ϕs for invertible affinities in arbitrary dimensions
without any assumptions on the matrices Ai. We in particular prove:
Theorem 1. Let A1, . . . , AN P GLdpRq and let s ą 0. Then the number
of ergodic equilibrium states of ϕs is exactly one if s ě d, is bounded by`
d
s
˘
if s is an integer and is bounded by
`
d
tsu
˘`
d
rss
˘
otherwise. In all cases all
equilibrium states are fully supported.
A detailed description of the structure of the ergodic equilibrium states
is complicated to express and is deferred until the following section, but
we remark that each ergodic equilibrium state satisfies a so-called Gibbs
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(a) The classical
Sierpin´ski gasket X1.
(b) A self-affine gasket
X2 which is not self-
similar.
Figure 1. A measure of maximal Hausdorff dimension can be
constructed on the classical Sierpin´ski gasket X1 by the simple
expedient of giving measure 13 to each of the three copies of X1
with diameter half that of the original, measure 19 to each of the
nine sub-copies with diameter 14 that of the original, and so forth.
A self-affine gasket which is not self-similar will typically be much
less homogenous, and sub-images of the same recursive depth may
have very different shapes and sizes. The optimal allocation of
measure to the different parts of X2 is believed to be that given
by the solution of the variational problem (1.1).
inequality which uniquely characterises it in the space of all σ-invariant
Borel probability measures on ΣN . Theorem 1 resolves a question of A.
Ka¨enma¨ki, who asked in [30] whether the number of ergodic equilibrium
states is always finite. We note that by standard ergodic decomposition
arguments, the set of all equilibrium states associated to fixed A1, . . . , AN
and s is precisely the convex hull of the set of ergodic equilibrium states.
The case s ě d can be treated using elementary arguments and the identity
ϕspABq ” ϕspAqϕspBq which holds in this parameter regime: this article
therefore focuses on the where case s P p0, dq.
The equilibrium states of the singular value function ϕs in dimension
two were fully characterised by D.-J. Feng and A. Ka¨enma¨ki [18] and their
ergodic properties investigated thoroughly in [37, 36]. The case d “ 3 of
Theorem 1 was proved by A. Ka¨enma¨ki and the second named author in
[33]. The case s ě d is trivial. Examples were constructed in [33] to show
that pd ´ tsuq` dtsu˘ distinct ergodic equilibrium states can exist when s P
p0, dqrZ and that `ds˘ can exist when s P p0, dq XZ. These lower estimates
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for the maximum number of equilibrium states were proved in [33] to be
sharp when d ď 3 and conjectured to be sharp in higher dimensions. We
therefore do not expect the bound for the number of equilibrium states
in Theorem 1 to be sharp for non-integer s P p0, dq. An algebraic trick
introduced in [38, §5] was recently applied in [32] to bound the number of
ergodic equilibrium states when s P p0, dq X Q: if s ´ tsu “ pq P Q this
gives a bound of
`
d
tsu
˘q´p` d
rss
˘p
, which is clearly weaker than Theorem 1 for
non-integer s and gives no information at all in the case where s is irrational.
As an application Theorem 1 permits us to prove the following property of
the affinity dimension which was discussed at the start of the introduction:
Theorem 2. Let N ě 2 and let T1, . . . , TN : Rd Ñ Rd be invertible affine
contractions. Then
dimaffpT1, . . . , TN´1q ă dimaffpT1, . . . , TN q.
Proof. Let the contractions Ti be given by Tix “ Aix`vi for all i “ 1, . . . , N
and x P Rd. The inequality dimaffpT1, . . . , TN´1q ď dimaffpT1, . . . , TN q fol-
lows from the definition and properties of the pressure and affinity dimension
so if the conclusion is false then dimaffpT1, . . . , TN´1q “ dimaffpT1, . . . , TN q “
s, say. Trivially s ą 0. In particular there exists a shift-invariant Borel
probability measure on ΣN´1 with Lyapunov dimension equal to s, which
as noted above is necessarily an equilibrium state of ϕs with respect to
pA1, . . . , AN´1q. Since P ppA1, . . . , AN´1q, sq “ P ppA1, . . . , AN q, sq “ 0 by
the definition of affinity dimension this measure may also be regarded as an
equilibrium state of ϕs with respect to pA1, . . . , AN q with support ΣN´1 Ă
ΣN , but by Theorem 1 such a measure must be fully supported on ΣN and
this contradiction completes the proof. 
We note that Theorem 2 is false if the affinities are not assumed to be
invertible: for example, if d “ 2 and dimaffpT1, . . . , TN q ą 1 but rank AN “ 1
then it is not difficult to see that dimaffpT1, . . . , TN q “ dimaffpT1, . . . , TN´1q.
For further examples see [33]. Theorem 2 is not difficult to prove for d “ 2
using the results of [18] and was proved for d “ 3 in [33]; in the special case
where d is arbitrary but dimaffpT1, . . . , TN q is rational, the result was proved
in [32].
A folklore open problem in the dimension theory of self-affine sets asks
under what circumstances the Hausdorff dimension of the attractor of an
iterated function system is reduced when one of the transformations Ti is
removed. It is clear that this property requires some conditions on the rela-
tionship between the different maps Ti in order to avoid trivial counterexam-
ples: for example, if two invertible affine contractions T1, T2 are given then
the two systems pT1, T2q and pT1, T2, T2q have unequal affinity dimensions by
Theorem 2 but obviously give rise to the same attractor and no reduction in
the Hausdorff dimension can occur when one of the copies of T2 is deleted.
To determine complete necessary and sufficient conditions on the maps Ti
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under which the removal of a transformation reduces the Hausdorff dimen-
sion of the attractor thus seems to require a degree of understanding of the
relationship between properties of the attractor (such as the Hausdorff di-
mension) and properties of the iterated function system (such as the affinity
dimension). As was remarked earlier in the introduction this relationship is
currently far from being understood. We however note the following easy
consequence of Theorem 2 for the Hausdorff dimension of self-affine sets:
Corollary 1.1. Let N ě 2, let T1, . . . , TN : Rd Ñ Rd be invertible affine
contractions and let X be the attractor of pT1, . . . , TN q. If dimH X is equal to
dimaffpT1, . . . , TN q then the attractor X 1 of pT1, . . . , TN´1q satisfies dimH X 1 ă
dimH X.
Proof. We have dimH X
1 ď dimaffpT1, . . . , TN´1q by a result of Falconer [15,
Proposition 5.1], dimaffpT1, . . . , TN´1q ă dimaffpT1, . . . , TN q by Theorem 2
and dimaffpT1, . . . , TN q “ dimH X by hypothesis. 
Affine iterated function systems which meet the hypotheses of Corol-
lary 1.1 are in a reasonable sense abundant. A theorem of Falconer [15,
Theorem 5.3] asserts that if A1, . . . , AN are linear contractions of R
d with
maxi }Ai} ă 13 then for Lebesgue-almost-every pv1, . . . , vN q P pRdqN the
transformations T1, . . . , TN defined by Tix :“ Aix`vi give rise to an attrac-
tor with Hausdorff dimension equal to the affinity dimension of pT1, . . . , TN q.
(The bound 13 was subsequently improved to
1
2 by B. Solomyak in [43].) Re-
lated results in which the additive parts of Ti are fixed and the linear parts
chosen randomly according to Lebesgue measure were more recently given
in [5]. Explicit examples of affine iterated function systems whose attractor
has Hausdorff dimension equal to the affinity dimension have been given in
[3, 4, 12, 27, 39]. Clearly Corollary 1.1 is also valid when dimH is replaced
throughout the statement with any other notion of dimension of compact
sets which is bounded above by the affinity dimension and is monotone with
respect to set inclusion. Whilst the condition dimH X “ dimaffpT1, . . . , TN q
is sufficient for the outcome dimH X
1 ă dimH X, it is not necessary: this is
discussed further in §8 below.
The reader may reasonably ask what difficulties arose in the earlier works
[18, 33] which the present article overcomes. The key difficulty in passing
above dimension 2 was essentially as follows. In dimension two the problem
reduces to a question concerning the norms }A}t of suitable matrix products
A for some fixed parameter t P p0, 1s. Since the norm interacts well with the
additive structure of Rd and MdpRq, the obstructions to uniqueness of the
equilibrium state arise in terms of the additive structures – that is, linear
subspaces of Rd – which are preserved by A1, . . . , AN . In particular these
structures are preserved by the algebra generated by the matrices Ai and
lend themselves to the use of linear-algebraic methods. Above two dimen-
sions (or more precisely, when s P p1, d ´ 1q r Z) one must study directly
the quantity }A^tsu}1`tsu´s}A^rss}s´tsu which by contrast does not interact
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in a meaningful way with the additive structure of Rd or of MdpRq and
necessitates the investigation of structures which are invariant only under
the semigroup generated by A1, . . . , AN . (Here A
^k denotes the kth exte-
rior power of A which will be defined in the following section.) The proper
investigation of this quantity therefore requires the use of algebraic geom-
etry in place of linear algebra, and the existence of multiple ergodic equi-
librium states is associated with the existence of certain structures which
are invariant under the semigroup generated by the matrices Ai but not
(in general) under the algebra which they generate. It will be seen that
multiplicity of the ergodic equilibrium states of ϕs in the parameter range
s P p1, d´1qrZ is associated with the existence of nontrivial finite invariant
subsets of GrpΛtsuRdqˆGrpΛrssRdq, where GrpV q denotes the Grassmannian
of V .
As regards the passage from dimension three to arbitrary dimension,
the principal innovation of the preceding article [33] was a criterion for
A1, . . . , AN to have a unique equilibrium state with respect to ϕ
s. This crite-
rion was combined in [33] with inherently low-dimensional “tricks” which ex-
ploited the fact that any nontrivial subspace of R3 is either one-dimensional
or one-codimensional and the fact that R3 is isomorphic to Λ2R3. Between
them these methods happened to be sufficient to treat all three-dimensional
cases in an ad-hoc manner. Absent from this approach was any method
by which to understand those cases in which A1, . . . , AN preserve a sub-
space or finite union of subspaces with neither dimension nor codimension
equal to 1, a possibility which arises immediately on passage to dimension
4. This approach also lacked any general mechanism to deal with the case
in which neither A
^tsu
1 , . . . , A
^tsu
N nor A
^rss
1 , . . . , A
^rss
N preserve a common
invariant subspace but nonetheless more than one ergodic equilibrium state
exists, and further did not include a mechanism for handling the case where
A
^tsu
1 , . . . , A
^tsu
N or A
^rss
1 , . . . , A
^rss
N preserves a common invariant subspace
but A1, . . . , AN does not. In the present article we resolve all three of these
issues and in particular elucidate the relationship between the existence of
multiple ergodic equilibrium states of ϕs and the existence of nontrivial finite
invariant subsets of GrpΛkRdq ˆGrpΛk`1Rdq.
2. Statement of technical results
As in the introduction, for each N ě 2 let ΣN :“ t1, . . . , NuN which we
equip with the infinite product topology, under which ΣN is compact and
metrisable. Let σ : ΣN Ñ ΣN denote the full shift and Mσ the set of all
σ-invariant Borel probability measures on ΣN . In the weak-* topology the
set Mσ is compact and metrisable as well as being nonempty. When N
is understood we will say that a word is a finite sequence of elements of
t1, . . . , Nu. If i “ pikqnk“1 P t1, . . . , Nun is a word we call n the length of
the word and write |i| “ n. We let ΣN˚ denote the set of all words over the
symbols t1, . . . , Nu. If i and j are words we let ij denote the word obtained
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by concatenating i and j in the obvious fashion, passing first through the
symbols of i and then through those of j. We note that ΣN˚ is a semigroup
with respect to concatenation. If A1, . . . , AN are linear transformations of
some vector space V then for every i “ pikqnk“1 P ΣN˚ we define
Ai :“ Ain ¨ ¨ ¨Ai2Ai1 ,
a notation which will be applied throughout this work. Clearly this defines
a semigroup homomorphism from ΣN˚ to the space of linear endomorphisms
of V .
If x “ pxkq8k“1 P ΣN and n ě 1 we let x|n denote the word pxkqnk“1. If
i P ΣN˚ is any word we define
ris :“  pxkq8k“1 P ΣN : x||i| “ i(
which we call a cylinder set. Cylinder sets are both closed and open and
form a basis for the topology of ΣN . In particular any Borel probability
measure on ΣN is completely characterised by its values on cylinder sets.
For the purposes of this work we define a potential to be any function
Φ: ΣN˚ Ñ r0,`8q. A potential Φ implicitly defines a sequence of functions
Φn : ΣN Ñ R by Φnpxq :“ Φpx|nq. We call a potential submultiplicative
if Φpijq ď ΦpiqΦpjq for every i, j P ΣN˚ , or equivalently if Φn`mpxq ď
ΦnpσmxqΦmpxq for every n,m ě 1 and x P ΣN . If Φn is a submultiplicative
potential and µ an ergodic measure on ΣN then by the subadditive ergodic
theorem we have for µ-a.e. x P ΣN
lim
nÑ8
1
n
log Φnpxq “ lim
nÑ8
1
n
ż
log Φn dµ “ lim
nÑ8
1
n
ÿ
|i|“n
µprisq log Φpiq.
We shall call this limit the asymptotic average of Φ with respect to µ and
denote it by ΛpΦ, µq. We define the pressure of a submultiplicative potential
Φ to be the quantity
P pΦq :“ lim
nÑ8
1
n
log
ÿ
|i|“n
Φpiq
and observe that this limit exists by subadditivity. The subadditive vari-
ational principle of [9] asserts that if Φ is any submultiplicative potential
then
(2.1) P pΦq “ sup
µPMσ
rhpµq ` ΛpΦ, µqs
where h denotes Kolmogorov-Sinai entropy. By general considerations in-
volving upper semi-continuity, compactness and convexity this supremum
is always attained by at least one ergodic measure, and we call any mea-
sure attaining this supremum an equilibrium state of Φ. In general multiple
ergodic equilibrium states may exist.
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We will say that a potential Φ is quasimultiplicative if there exist δ ą 0
and a finite set F Ă ΣN˚ such that
max
jPF Φpijkq ě δΦpiqΦpkq
for every i, k P ΣN˚ . If a potential is both submultiplicative and quasimul-
tiplicative then it has a unique equilibrium state which is perforce ergodic.
This principle is summarised by the following result of D.-J. Feng (a spe-
cial case of [17, Theorem 5.5]) which will be fundamental to our analysis.
(Related results may be found in e.g. [16, 19, 18, 34, 44].)
Proposition 2.1 ([17]). Let N ě 2 and let Φ: ΣN˚ Ñ r0,`8q be a sub-
multiplicative and quasimultiplicative potential. Then there exists a unique
equilibrium state µ for Φ. Furthermore there exists C ą 0 such that
(2.2) C´1Φpiq ď µprisq
e´|i|P pΦq
ď CΦpiq
for every i P ΣN˚ and µ is the unique σ-invariant Borel probability measure
on ΣN with this property.
Henceforth we will say that µ satisfies a Gibbs inequality with respect to Φ
if (2.2) is satisfied for every i P ΣN˚ and for some constant C ą 0 depending
only on Φ. If µ satisfies a Gibbs inequality with respect to Φ, and Φpiq ą 0
for all i P ΣN˚ , then clearly µ is fully supported on ΣN . We notice also that
in the situation of Proposition 2.1 the measure µ satisfies the approximate
submultiplicativity property µprijsq ď C3µprisqµprjsq for every i, j P ΣN˚
by direct appeal to the Gibbs inequality and the submultiplicativity of Φ.
The principal focus of this article is on potentials of the form Φpiq “
ϕspAiq where 0 ă s ă d and A1, . . . , AN P Rd. Central to our analysis will
be a characterisation of the singular value function ϕs in terms of exterior
algebra. If 1 ď k ď d we recall that the kth exterior power of Rd is the
vector space spanned by formal expressions of the form u1 ^ ¨ ¨ ¨ ^ uk where
u1, . . . , uk P Rd, subject to the identifications
pλu1q ^ u2 ^ ¨ ¨ ¨ ^ uk “ λpu1 ^ ¨ ¨ ¨ ^ ukq,
u1 ^ ¨ ¨ ¨ ^ uk “ p´1qsignpςquςp1q ^ ¨ ¨ ¨ ^ uςpkq,
pu1 ^ ¨ ¨ ¨ ^ ukq ` pu11 ^ u2 ^ ¨ ¨ ¨ ^ ukq “ pu1 ` u11q ^ u2 ¨ ¨ ¨ ^ uk
where λ P R and where ς : t1, . . . , ku Ñ t1, . . . , ku is any permutation. If an
inner product x¨, ¨y on Rd is understood, then
(2.3) xu1 ^ ¨ ¨ ¨ ^ uk, v1 ^ ¨ ¨ ¨ ^ vky :“ detrxui, vjysdi,j“1
extends by linearity to an inner product on ΛkRd. If u1, . . . , ud is a basis for
Rd then the vectors ui1 ^ ¨ ¨ ¨^uid such that 1 ď i1 ă i2 ă ¨ ¨ ¨ ă ik ď d form
a basis for ΛkRd, and in particular dimΛkRd “ `dk˘. If A : Rd Ñ Rd is linear
then we define A^k to be the unique linear transformation of ΛkRd such
that A^kpu1 ^ ¨ ¨ ¨ ^ ukq “ Au1 ^ ¨ ¨ ¨ ^Auk for all u1, . . . , uk P Rd. We have
pA^kqJ “ pAJq^k and pABq^k “ A^kB^k for all linear endomorphisms
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A,B of Rd. If A : Rd Ñ Rd is given and e1, . . . , ed form a basis for Rd given
by (generalised) eigenvectors of A then it is straightforward to check that
vectors of the form ei1 ^ ¨ ¨ ¨ ^ eik with 1 ď i1 ă ¨ ¨ ¨ ă ik ď d form a basis
for ΛkRd given by (generalised) eigenvectors of A^k. It follows from these
considerations that }A^k} “ }pA^kqJA^k}1{2 “ śki“1 αipAq for any linear
endomorphism A of Rd and any 1 ď k ď d, where } ¨ } denotes the Euclidean
norm implied by the inner product (2.3). These considerations yield the
characterisation
ϕspAq “
›››A^tsu›››1`tsu´s ›››A^rss›››s´tsu
for all linear maps A : Rd Ñ Rd and s P p0, dq, where we adhere to the
conventions Λ0Rd “ R, A^0 ” idR. This formulation makes the submulti-
plicativity property ϕspABq ď ϕspAqϕspBq plain. Theorem 1 will therefore
follow from an investigation of potentials of the form
Φpiq :“
›››A^tsui ›››1`tsu´s ›››A^rssi ›››s´tsu
for a given N -tuple of invertible matrices A1, . . . , AN .
We will obtain Theorem 1 as a special case of the following more general
statement which is the main result of this article. We recall that GLpV q
denotes the group of all invertible linear transformations of a (real) finite-
dimensional vector space V and that GLdpRq :“ GLpRdq.
Theorem 3. Let N ě 2 and for each i “ 1, . . . , k let Vi be a real vector
space with finite dimension di, let pApiq1 , . . . , ApiqN q P GLpViqN and let βi ą 0.
Define a potential Φ: ΣN˚ Ñ p0,`8q by
Φpiq :“
kź
i“1
›››Apiqi ›››βi
for every i P ΣN˚ . Then Φ has no more than
śk
i“1 di ergodic equilibrium
states, and all of its equilibrium states are fully supported.
We will see in the proof of Theorem 3 that the equilibrium states in
Theorem 3 arise as equilibrium states of certain auxiliary potentials Φj which
are submultiplicative and quasimultiplicative. We may now easily obtain:
Proof of Theorem 1 assuming Theorem 3 . The case s ě d being trivial we
assume 0 ă s ă d. If s R Z then apply Theorem 3 with k “ 2, V1 :“ ΛtsuRd,
V2 :“ ΛrssRd, Ap1qj :“ A^tsuj , Ap2qj :“ A^rssj , β1 :“ rss´ s and β2 :“ s´ tsu. If
s P Z take k “ 1, V “ ΛsRd, Ap1qj :“ A^sj and β1 :“ 1. 
We note that in principle the definition of the potential Φ in Theorem 3
is sensitive to the choice of norm on Vi, but since two potentials Φ, Φ
1 which
satisfy C´1Φ ď Φ1 ď CΦ for some constant C ą 0 must have identical
equilibrium states by straightforward consideration of the definitions, this
consideration has no bearing on the statement of Theorem 3 nor on any
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succeeding result. We shall therefore ignore the precise choice of norms on
individual vector spaces and assume henceforth that inner product norms
have been chosen arbitrarily but consistently on all spaces being considered.
The proof of Theorem 3 falls naturally into two distinct parts, one part
dealing with the situation where for every i “ 1, . . . , k the matricesApiq1 , . . . , ApiqN
do not together preserve a proper nonzero linear subspace of Vi, and one part
passing from this result to the general case. If B1, . . . , BN P GLpV q let us
say that pB1, . . . , BN q is irreducible if no proper nonzero linear subspace of
V is invariant under every Bi, and otherwise let us say that pB1, . . . , BN q
is reducible. Let us also say that pB1, . . . , BN q is strongly irreducible if no
finite union of proper nonzero subspaces of V is invariant under every Bi.
If we define the orbit under pB1, . . . , BN q of a subspace U Ď V to be the set
tBiU : i P ΣN˚u then pB1, . . . , BN q is strongly irreducible if and only if the
only subspaces of V with finite orbit under pB1, . . . , BN q are t0u and V . If
k ě 1 is any integer we let GrkpV q denote the set of all k-dimensional linear
subspaces of V .
The following theorem treats the irreducible case of Theorem 3:
Theorem 4. Let N ě 2 and k ě 1. For each i “ 1, . . . , k let Vi be a
real vector space with finite dimension di, let pApiq1 , . . . , ApiqN q P GLpViqN be
irreducible and let βi ą 0. Define a submultiplicative potential Φ: ΣN˚ Ñp0,`8q by
Φpiq :“
kź
i“1
›››Apiqi ›››βi
for every i P ΣN˚ . For each i “ 1, . . . , k let `i be the smallest nonzero integer
such that there exists an `i-dimensional subspace of Vi which has finite orbit
under pApiq1 , . . . , ApiqN q. Then ti :“ di{`i is an integer for each i “ 1, . . . , k.
There exist an integer p :“ pmaxi tiq´1 śki“1 ti and finite sets W1, . . . ,Wp Ăśk
i“1 Gr`ipViq with the following properties. For each j “ 1, . . . , p the set
Wj is invariant in the sense that pApiqi Wiqki“1 PWj for every pWiqki“1 PWj
and i P ΣN˚ . For each j “ 1, . . . , p the potential Φj : ΣN˚ Ñ p0,`8q defined
by
Φjpiq :“ max
pWiqki“1PWj
kź
i“1
›››Apiqi |Wi›››βi
tis submultiplicative and quasimultiplicative and has a unique equilibrium
state which satisfies a Gibbs inequality with respect to Φj. There exists a
constant τ ą 0 such that
(2.4) τΦpiq ď max
1ďjďpΦ
jpiq ď Φpiq
for every i P ΣN˚ . If µ PMσ is an ergodic equilibrium state of Φ then it is
necessarily an ergodic equilibrium state of at least one of the potentials Φj.
In particular there are not more than pmaxi tiq´1 śki“1 ti ergodic equilibrium
states for Φ and every equilibrium state of Φ is fully supported.
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We emphasise that Theorem 4 does not assert that only p finite sets
which are invariant under the action of the matrices A
piq
j in the manner
described can exist. Rather, it asserts only that there exist p such sets
which between them suffice to exhaust the supply of ergodic equilibrium
states. For example, if k “ 1, d1 “ 2, β1 “ 1 and every Ap1qj is a matrix
of rotation through 2pi{q for some odd integer q ą 1 then the hypotheses of
Theorem 4 are satisfied, p is equal to 1, and uncountably many choices of
the finite set W1 exist, but the measure of maximal entropy is the unique
equilibrium state of Φ. Since each candidate for the invariant set W1 has
cardinality exactly q this example also illustrates that the cardinality of each
individual setWj admits no a priori upper bound. We note that while every
ergodic equilibrium state of Φ is an equilibrium state of one of the potentials
Φj the converse should not in general be presumed to hold since in certain
cases we may have P pΦjq ă P pΦq for particular values of j.
Let us review some special cases of Theorem 4. We note that if enough
of the tuples pApiq1 , . . . , ApiqN q are strongly irreducible then there is a unique
equilibrium state of Φ:
Corollary 2.2. Let N , k, Vi, βi, pApiq1 , . . . , ApiqN q and Φ be as in Theorem 4
and suppose that pApiq1 , . . . , ApiqN q is strongly irreducible for at least k´1 values
of i. Then Φ is quasimultiplicative and has a unique equilibrium state. This
equilibrium state satisfies a Gibbs inequality with respect to Φ.
Proof. We have `i “ di for every i such that pApiq1 , . . . , ApiqN q is strongly
irreducible, so ti “ 1 for at least k´ 1 values of i and it follows immediately
that p “ 1. We deduce from (2.4) that Φ is quasimultiplicative and has a
unique equilibrium state, and that this equilibrium state satisfies a Gibbs
inequality with respect to Φ. 
Taking k “ 1 and β1 :“ s in the above corollary yields the invertible case
of a result of Feng and Ka¨enma¨ki [18, Proposition 1.2]:
Corollary 2.3. Let A1, . . . , AN P GLdpRq and let s ą 0, and suppose that
pA1, . . . , AN q is irreducible. Then there exists a unique equilibrium state for
pA1, . . . , AN q with respect to the potential Φpiq :“ }Ai}s, and this equilibrium
state satisfies a Gibbs inequality with respect to Φ.
One may also easily obtain a theorem of Ka¨enma¨ki and the second named
author [33, Theorem C]:
Corollary 2.4. Let A1, . . . , AN P GLdpRq and let 0 ă ` ă s ă ` ` 1 ă d
where ` P Z. Suppose that both pA^`1 , . . . , A^`N q and pA^p``1q1 , . . . , A^p``1qN q
are irreducible and that one of them is strongly irreducible. Then there ex-
ists a unique equilibrium state for pA1, . . . , AN q with respect to the potential
Φpiq :“ ϕspAiq, and this equilibrium state satisfies a Gibbs inequality with
respect to Φ.
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Proof. Apply Corollary 2.2 with k :“ 2, V1 :“ Λ`Rd, V2 :“ Λ``1Rd, Ap1qj :“
A^`j and A
p2q
j :“ A^p``1qj for each j “ 1, . . . , N , β1 :“ ` ` 1 ´ s and β2 :“
s´ `. 
Let us now state our second main result, which allows Theorem 4 to be
extended beyond the case where each pApiq1 , . . . , ApiqN q is irreducible. Clearly
the following result implies Theorem 3.
Theorem 5. Let N ě 2 and k ě 1. For each i “ 1, . . . , k let Vi be a real
vector space with finite dimension di, let pApiq1 , . . . , ApiqN q P GLpViqN and let
βi ą 0. Define a potential Φ: ΣN˚ Ñ p0,`8q by
Φpiq :“
kź
i“1
›››Apiqi ›››βi
for every i P ΣN˚ . Then for each i “ 1, . . . , k there exist a unique integer ni
and a basis for Vi in which the matrix representation
(2.5) A
piq
j “
¨˚
˚˝˚˚A
pi,1q
j ˚ ¨ ¨ ¨ ˚
0 A
pi,2q
j ¨ ¨ ¨ ˚
...
...
. . .
...
0 0 ¨ ¨ ¨ Api,niqj
‹˛‹‹‹‚
holds for every j “ 1, . . . , N , where for each fixed i and r the N -tuple
pApi,rq1 , . . . , Api,rqN q consists of square matrices of the same dimension and is
irreducible. If µ is an ergodic equilibrium state of Φ then for each i “ 1, . . . , k
there exists an integer ri P t1, . . . , niu such that µ is an equilibrium state of
the potential Φpr1,...,rkq : ΣN˚ Ñ p0,`8q defined by
Φpr1,...,rkqpiq :“
kź
i“1
›››Api,riqi ›››βi .
Every equilibrium state of Φ is fully supported and the number of ergodic
equilibrium states of Φ is not greater than pmin1ďiďk ni{diqśki“1 di. In par-
ticular the number of ergodic equilibrium states is not greater than
śk
i“1 di,
and if Φ has exactly
śk
i“1 di ergodic equilibrium states then for every i “
1, . . . , k there exists a basis for Vi in which the matrices A
piq
1 , . . . , A
piq
N are all
upper triangular.
The remainder of this article is structured as follows. In the following
section we give an overview of the facts from algebraic geometry which will
be required for the proof of Theorem 4. In §4 we prove a largely algebraic
result, Theorem 6, which will be needed in order to demonstrate that the
potentials Φj defined in Theorem 4 are quasimultiplicative. In §5 we apply
Theorem 6 to prove Theorem 3, and the proof of Theorem 5 is given in §6.
The optimality or otherwise of the bounds given for the number of ergodic
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equilibrium states in Theorems 1, 4 and 5 is investigated in §7, and a possible
extension of Corollary 1.1 is discussed in §8.
3. Review of relevant facts from algebraic geometry
The proof of Theorem 4 relies substantially on ideas from elementary
algebraic geometry as applied to groups of real invertible linear transforma-
tions. Since the majority of researchers in fractal geometry are unlikely to
be familiar with these ideas, let us briefly outline the ideas to be employed
before beginning the proof of Theorem 4. For information relating to affine
algebraic varieties and the Zariski topology we refer to [40, §2.1.1–§2.1.4];
for information relating to real algebraic groups our reference is [40, §3.1.1].
3.1. Affine algebraic varieties and the Zariski topology. If V1, V2 are
finite-dimensional real vector spaces, a function p : V1 Ñ V2 will be called a
polynomial if for some (then for any) bases u1, . . . , ud1 of V1 and v1, . . . , vd2 of
V2 we may write p in the form ppřd1i“1 aiuiq “ řd2i“1 qipa1, . . . , ad1qvi where
each function qi : R
d1 Ñ R is a polynomial in the usual sense. For the
purposes of this article an affine algebraic variety will be any subset Z of
a finite-dimensional real vector space V which is equal to the common zero
locus of a set of polynomials V Ñ R. Without loss of generality this set
of polynomials may be taken to be finite. The Zariski topology on a finite-
dimensional real vector space V is defined by declaring a set to be closed if
and only if it is an affine algebraic variety. If Z Ď V is any affine algebraic
variety then we define the Zariski topology on Z to be the subspace topology
which it inherits from the Zariski topology on V . The Zariski topology on an
affine algebraic variety Z satisfies the descending chain condition: if pZnq8n“1
is a sequence of Zariski-closed subsets of Z such that Zn`1 Ď Zn for every
n ě 1, then pZnq must be eventually constant.
If Z1 Ď V1 and Z2 Ď V2 are affine algebraic varieties then a function
f : Z1 Ñ Z2 is called a morphism if there exists a polynomial p : V1 Ñ
V2 such that ppZ1q Ď Z2 and p|Z1 “ f . Every morphism Z1 Ñ Z2 is a
continuous function with respect to the Zariski topologies on Z1 and Z2.
The product variety Z1 ˆ Z2 is defined by identifying Z1 ˆ Z2 with the
corresponding subset of V1 ‘ V2 » Rd1`d2 and equipping it with the Zariski
topology which it inherits from V1 ‘ V2. We caution the reader that this
topology (called the Zariski product topology) is distinct from the ordinary
product of the Zariski topologies on Z1 and Z2, having more open sets.
A nonempty Zariski-closed set is normally called irreducible if it cannot
be written as a finite union of proper nonempty Zariski-closed subsets. To
emphasise the difference between this notion of irreducibility and our use of
the word to refer to sets of linear maps which do not preserve a common
subspace, we will say that a Zariski-closed set Z is an irreducible variety if
it is not equal to a finite union of Zariski-closed nonempty proper subsets
of itself. An important fact which will be used in this article is that every
nonempty Zariski-open subset of an irreducible variety is Zariski dense: to
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see this note that if U Ă Z “ Z is nonempty, open and not dense then
Z “ U Y pZ r Uq expresses Z as a union of two Zariski-closed nonempty
proper subsets of Z and therefore Z is not an irreducible variety. (Here
closures are of course taken in the Zariski topology.)
Every Zariski-closed set Z may be written in a unique way as a finite
union of irreducible varieties Z1, . . . , Zk each of which is maximal in the
sense that it is not properly contained in any irreducible subvariety of Z.
The sets Zi are referred to as the irreducible components of Z. In general the
irreducible components of a Zariski-closed set may intersect (for example, if
Z is the union of two overlapping circles in R2). It is not difficult to check
that if f : Z Ñ Z is a homeomorphism in the Zariski topology then fpZiq is
also an irreducible component of Z for every irreducible component Zi.
3.2. Real algebraic groups. A real algebraic group is a group G endowed
with the structure of a real affine algebraic variety such that the map g ÞÑ
g´1 defines a morphism G Ñ G and the map pg1, g2q ÞÑ g1g2 defines a
morphism G ˆ G Ñ G. If G is a real algebraic group and g0 P G is fixed
then the maps g ÞÑ g0g and g ÞÑ gg0 define Zariski homeomorphisms of G,
a fact which will be used repeatedly in the remainder of this article.
The real algebraic groups considered in this article will all arise as Zariski-
closed subgroups of GLpV q where V is some finite-dimensional real vector
space. Importantly GLpV q itself has the structure of a real algebraic group,
which does not arise directly from its definition but via the following con-
trivance. Let us identify V with Rd. We identify GLdpRq with the set"ˆ
A 0
0 x
˙
PMd`1pRq : A PMdpRq, x P R and x ¨ pdetAq “ 1
*
.
This defines an affine subvariety of Md`1pRq which is a real algebraic group
with respect to the standard operations of matrix multiplication and in-
version, and there is a group isomorphism from GLdpRq to the above group
given by A ÞÑ A‘pdetAq´1. Via this identification a function p : GLd1pRq Ñ
Rd2 is thus considered to be a polynomial if and only if each entry of the
vector ppAq is a polynomial function of the entries of the matrix A and
of the variable x “ 1{detA. Thus GLdpRq equipped with this structure of
polynomial functions meets the definition of a real algebraic group. We note
that the polynomial structure on GLpV q is independent of the basis used in
identifying V with Rd. It is not difficult to see that any Zariski-closed sub-
group of GLpV q is also a real algebraic group. For concreteness the reader
may find it helpful to know that every group of this type is a Lie group,
although this fact will not be used.
An important principle in this work is that the Zariski closure of any sub-
semigroup of GLdpRq is a real algebraic group. To see this one first shows
that the Zariski closure of a subsemigroup of GLdpRq is also a semigroup.
The descending chain condition now implies that a Zariski-closed subsemi-
group H of GLdpRq is a group by the following argument: if g P H then
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the sequence of sets g´nH forms a descending chain of closed sets which
eventually terminates, so g´nH “ g´n´1H for some n. Hence H “ g´1H
and therefore id “ g´1g P g´1H “ H. Hence g´1 “ g´1 ¨ id P g´1H “ H.
It follows that H is a group as claimed.
We recall that a homomorphism ρ from an abstract group G to GLpV q is
called an irreducible representation if there does not exist a proper nonzero
linear subspace of V which is preserved by every element of ρpGq. A ho-
momorphism from a real algebraic group G ď GLpV q to GLpW q is called
regular if it is a morphism of affine algebraic varieties in addition to being
a homomorphism.
3.3. Components of real algebraic groups. One may show that if G is a
real algebraic group then exactly one of its irreducible components contains
the identity, and this component is denoted G˝. For every g P G the left
and right cosets gG˝ and G˝g are also irreducible components of G, a fact
which follows from the fact that left and right multiplication by g induce
homeomorphisms of G in the Zariski topology. One may show that G˝ is
a subgroup of G. Since for each g P G the set gG˝g´1 is an irreducible
component of G which contains the identity, it equals G˝, and therefore G˝
is a normal subgroup of G. Since G has finitely many irreducible components
the quotient group G{G˝ is finite.
If G1, G2 were distinct irreducible components of G which shared a com-
mon element g P G1 X G2 then g´1G1 and g´1G2 would be distinct irre-
ducible components which contain the identity, contradicting the uniqueness
of G˝. It follows that the distinct irreducible components of G are pairwise
disjoint, and since they are finite in number each irreducible component of
G must be Zariski open as well as Zariski closed.
4. A quasimultiplicativity result
Before commencing the proof of Theorem 4 we prove the following result
which will be used to establish the submultiplicativity and quasimultiplica-
tivity of the potentials Φj .
Theorem 6. Let V be a finite-dimensional real vector space, G ď GLpV q
a real algebraic group and H Ă G a subsemigroup which is Zariski-dense in
G. Let k ě 1. For each i “ 1, . . . , k let Vi be a finite-dimensional real vector
space, ρi : G Ñ GLpViq a regular irreducible representation, and βi ą 0 a
real number. For each i let Ui Ď Vi be a nonzero vector space which is
preserved by ρipG˝q and has the smallest dimension of any such subspace.
Define `i :“ dimUi for each i “ 1, . . . , k. Define
W :“
!
pρipgqUiqki“1 : g P G
)
Ă
kź
i“1
Gr`ipViq.
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Then W is finite. Define also
φpgq :“ max
pWiqki“1PW
kź
i“1
}ρipgq|Wi}βi
for every g P G. Then φpg1g2q ď φpg1qφpg2q for every g1, g2 P G. Further-
more there exist δ ą 0 and a finite set H 1 Ă H such that for every g1, g2 P G
we may find h P H 1 such that φpg1hg2q ě δφpg1qφpg2q.
Proof. We will show in a moment that W is finite. This property being
assumed, let us first show that φpg1g2q ď φpg1qφpg2q for all g1, g2 P G.
Given g1 and g2, choose pWiqki“1 “ pρipg0qUiqki“1 PW such that
φpg1g2q “
kź
i“1
}ρipg1g2q|Wi}βi ,
then we have
φpg1g2q “
kź
i“1
}ρipg1g2q|Wi}βi
ď
˜
kź
i“1
››ρipg1q|ρipg2qWi››βi
¸˜
kź
i“1
}ρipg2q|Wi}βi
¸
ď φpg1qφpg2q
as required since pρipg2qWiqki“1 “ pρipg2g0qUiqki“1 PW by definition.
The remainder of the proof proceeds through a series of lemmas:
Lemma 4.1. The function g ÞÑ pρipgqUiqki“1 is constant on each irreducible
component of G.
Proof. Let Gj be an irreducible component of G and suppose that g1, g2 P
Gj . The set g
´1
2 Gj is an irreducible component of G (since g ÞÑ g´12 g is a
Zariski homeomorphism of G) and contains the identity since g2 P Gj , so
g´12 Gj “ G˝ and hence in particular g´12 g1 P G˝. It follows from the defini-
tion of pUiqki“1 that pρipg´12 g1qUiqki“1 “ pUiqki“1 and therefore pρipg2qUiqki“1 “
pρipg1qUiqki“1 as required. 
Let us now show that any element of W may be mapped onto any other
by the action of some element of H:
Lemma 4.2. The set W is finite, and there exists a finite set H0 Ď H
such that given any pWiqki“1, pW 1i qki“1 P W we may find h P H0 such that
pW 1i qki“1 “ pρiphqWiqki“1.
Proof. Let G1, . . . , G` denote the irreducible components of G and recall
from §3.3 that each is Zariski open as well as Zariski closed. By the previous
lemma it follows that W has at most ` elements and in particular is finite.
To prove the remainder of the lemma it suffices to show that for every
pWiqki“1, pW 1i qki“1 PW the set
U :“
!
g P G : pW 1i qki“1 “ pρipgqWiqki“1
)
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contains an element of H. Since H is Zariski-dense in G it is sufficient to
show that U contains a nonempty Zariski-open set. By the definition of
W it follows that we may choose g2 P G such that pρipg2qUiqki“1 “ pWiqki“1.
Now note that
V :“
!
g P G : pW 1i qki“1 “ pρipgqUiqki“1
)
is nonempty by definition of W, satisfies Vg´12 Ď U and by the previ-
ous lemma contains at least one irreducible component Gj of G. We have
Gjg
´1
2 Ď Vg´12 Ď U and thereforeU contains a nonempty Zariski-open set.
In particular U contains an element of H as required. 
Lemma 4.3. Let pWiqki“1, pW 1i qki“1 P W and for each i “ 1, . . . , k let
Ci : Ui Ñ W 1i and Di : Wi Ñ Ui be nonzero linear maps. Then there exists
h P H such that ρiphqUi “ Ui and Cipρiphq|UiqDi ‰ 0 for every i “ 1, . . . , k.
Proof. We claim that for each i “ 1, . . . , k the set
Ui :“ tg P G˝ : Cipρipgq|UiqDi ‰ 0u
is nonempty. If this is not the case for some i then the vector space
Uˆi :“ span
˜ ď
gPG˝
pρipgq|UiqDiWi
¸
is a linear subspace of the kernel of Ci and hence is a proper subspace of
Ui since Ci is not the zero map. On the other hand it is also not the zero
space since it contains DiWi and Di is not the zero map. Lastly it is clear
that ρipgqUˆi “ Uˆi for every g P G˝. It follows that Uˆi is a nonzero proper
vector subspace of Ui which is invariant under ρipG˝q. This contradicts the
definition of Ui, and it follows that Ui is nonempty as claimed. Clearly each
Ui is Zariski open, and G˝ is an irreducible variety. We recall from §3.1 that
every nonempty Zariski-open subset of an irreducible variety is dense, soŞk
i“1Ui ‰ ∅ and since H is Zariski dense in G there exists h P HX
Şk
i“1Ui
which proves the lemma. 
Lemma 4.4. There exist a finite set H1 Ă H and a real number δ0 ą 0
with the following property: given any pWiqki“1, pW 1i qki“1 PW, if g1, g2 P G
satisfy ρpg1qUi “W 1i and ρpg2qWi “ Ui for all i “ 1, . . . , k, then there exists
h P H1 such that ρiphqUi “ Ui for all i “ 1, . . . , k and
kź
i“1
}ρipg1hg2q|Wi}βi ě δ0
˜
kź
i“1
}ρipg1q|Ui}βi
¸˜
kź
i“1
}ρipg2q|Wi}βi
¸
.
Proof. Since W is finite it is clearly sufficient to establish the existence of
H1 and δ0 for fixed pWiqki“1, pW 1i qki“1 PW and we therefore fix these objects
throughout the proof. We claim that the following stronger property is
satisfied: there exist a finite set H1 Ă H and a real number δ0 ą 0 such that
if for every i “ 1, . . . , k we are given arbitrary linear maps Ci : Ui Ñ W 1i
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and Di : Wi Ñ Ui, then there exists h P H1 such that ρiphqUi “ Ui for all
i “ 1, . . . , k and
kź
i“1
}Cipρiphq|UiqDi}βi ě δ0
˜
kź
i“1
}Ci}βi
¸˜
kź
i“1
}Di}βi
¸
.
Applying this claim with Ci “ ρipg1q|Ui and Di “ ρipg2q|Wi will then suffice
to prove the lemma.
Let us prove this claim. By homogeneity we may assume }Ci} “ }Di} “ 1
for every i “ 1, . . . , k. By the compactness of the unit spheres of the vector
spaces of all linear maps Ui ÑW 1i and Wi Ñ Ui the claim follows if we can
establish the following result: given nonzero linear maps Ci : Ui Ñ W 1i and
Di : Wi Ñ Ui there exists h P H such that ρiphqUi “ Ui for all i “ 1, . . . , k
and
kź
i“1
}Cipρiphq|UiqDi}βi ‰ 0.
But this is precisely the previous lemma. 
We may now complete the proof of Theorem 6. Let δ0 ą 0 and H1 Ă H be
as in the previous lemma. Given g1, g2 P G, choose pWiqki“1, pW 1i qki“1, pW 2i qki“1
and pW3i qki“1 PW such that
φpg1q “
kź
i“1
›››ρipg1q|W 2i ›››βi , φpg2q “ kź
i“1
}ρipg2q|Wi}βi
and ρipg1qW 2i “W3i and ρipg2qWi “W 1i for each i “ 1, . . . , k. Define
κ :“ min
hPH0
kź
i“1
››ρiphq´1››´βi ą 0
where H0 is as defined in Lemma 4.2. Using Lemma 4.2 choose h1, h2 P H0
such that ρiph2qW 1i “ Ui and ρiph1qUi “W 2i for all i “ 1, . . . , k. Then
kź
i“1
}ρipg1h1q|Ui}βi ě κ
kź
i“1
}ρipg1q|W 2i }βi “ κφpg1q,
kź
i“1
}ρiph2g2q|Wi}βi ě κ
kź
i“1
}ρipg2q|Wi}βi “ κφpg2q
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and ρpg1h1qUi “ W3i and ρph2g2qWi “ Ui for every i “ 1, . . . , k. It follows
from Lemma 4.4 that we may find h0 P H1 such that
φpg1h1h0h2g2q ě
kź
i“1
}ρipg1h1h0h2g2q|Wi}βi
ě δ0
˜
kź
i“1
}ρipg1h1q|Ui}βi
¸˜
kź
i“1
}ρiph2g2q|Wi}βi
¸
ě κ2δ0φpg1qφpg2q,
and we have proved the theorem with δ :“ κ2δ0 and H 1 :“ H0H1H0. 
5. The irreducible case: Proof of Theorem 4
Let d :“ řki“1 di and V :“ Àki“1 Vi. Define Aj :“ Àki“1Apiqj P GLpV q
for each j “ 1, . . . , N , let H Ă GLpV q be the semigroup generated by
A1, . . . , AN and let G denote the Zariski closure of H in GLpV q, which
is obviously contained in the direct product of the k groups GLpViq. For
each i let ρi : G Ñ GLpViq be given by restriction to Vi in the obvious
fashion so that ρipAiq “ Apiqi for each i “ 1, . . . , k and i P ΣN˚ . As was
remarked in §3.2, G is necessarily a real algebraic group. By hypothesis
the subsemigroup of GLpViq generated by Apiq1 , . . . , ApiqN does not preserve a
proper nonzero subspace of Vi. Since this semigroup is contained in ρipGq
it follows that each ρi is an irreducible representation of G. Clearly each ρi
is regular.
We begin by showing that for each i “ 1, . . . , k the smallest possible
dimension of a nonzero invariant subspace of the group ρipG˝q is precisely the
number `i appearing in the statement of Theorem 4. The following argument
recalls a classical observation of Gol’dsheid and Margulis [24, Lemma 6.2]:
Lemma 5.1. For each i P t1, . . . , ku let Ui Ď Vi be an `i-dimensional sub-
space which has finite orbit under A
piq
1 , . . . , A
piq
N . Then ρipgqUi “ Ui for every
g P G˝ and no nonzero subspace of Vi with dimension less than `i has this
property. Furthermore the set tρipgqUi : g P Gu is finite for each i.
Proof. Fix i and Ui throughout the proof and observe that Ui has finite
orbit under ρipHq. We claim that ρpgqUi “ Ui for every g P G˝. Fix i and
let U1i , . . . , U
Ti
i be a complete list of the distinct images of Ui under ρpHiq.
We wish to show that this list also exhausts the possible images of Ui under
ρipGq. If `i “ di then this holds trivially, so let us assume `i ă di. Fix
an inner product x¨, ¨y on Vi, let u1, . . . , u`i be a basis for Ui and for each
j “ 1, . . . , Ti let vj`i`1, . . . , vjdi be a basis for pU ji qK. For each j “ 1, . . . , Ti
define
Vj :“
!
g P G : ρipgqUi “ U ji
)
.
We have
Vj “
 
g P G : xρipgqun, vjmy “ 0 for all 1 ď n ď `i and `i ` 1 ď m ď di
(
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and this set is Zariski closed since ρi is regular. We have H “ ŤTij“1pHXVjq
and since H is Zariski dense in G we obtain G “ H “ ŤTij“1H XVj ĎŤTi
j“1Vj Ď G where closures are taken in the Zariski topology. The resulting
equation G “ ŤTij“1Vj demonstrates that tρipgqUi : g P Gu is equal to the
finite set tU1i , . . . , UTii u “ tρiphqUi : h P Hu as desired. We deduce the
equation G˝ “ ŤTij“1pG˝XVjq which expresses G˝ as a finite union of Zariski-
closed subsets, and since G˝ is an irreducible variety it follows that G˝ “
G˝ X Vj for some j. For this j we have ρipgqUi “ U ji for all g P G˝ and
since G˝ contains the identity we conclude that ρipgqUi “ Ui for all g P G˝
as required.
It remains to show that there is no nonzero subspace Uˆi Ď Vi which is fixed
by ρipG˝q and has dimension strictly smaller than `i. Suppose for a contra-
diction that such a space exists. If g1, g2 P Gj belong to the same irreducible
component of G then by identical reasoning to the proof of Lemma 4.1 we
have g´12 g1 P G˝ and therefore ρipg´12 g1qUˆi “ Uˆi so that ρipg1qUˆi “ ρipg2qUˆi,
and it follows that the map g ÞÑ ρipgqUˆi is constant on each irreducible com-
ponent of G. Since G has finitely many irreducible components it follows
that the orbit of Uˆi under ρipGq, and hence under ρipHq, is finite; but then
the orbit of Uˆi under pApiq1 , . . . , ApiqN q is finite, and this contradicts the mini-
mality of `i. 
For the remainder of the proof let us fix U1, . . . , Uk such that ρipG˝qUi “
Ui and dimUi “ `i. We make the following observation:
Lemma 5.2. For every i “ 1, . . . , k and g0 P G the subspace ρipg0qUi is
fixed by every element of ρipG˝q.
Proof. The sets g0G
˝ and G˝g0 are both irreducible components of G which
contain g0, therefore they are identical as noted at the end of §3.3. If g P G˝
then we have gg0 “ g0g1 for some g1 P G˝, so ρipgqρipg0qUi “ ρipg0qρipg1qUi “
ρipg0qUi as required. 
We wish next to show that for each i the vector space Vi may be written
as a direct sum of images of Ui:
Lemma 5.3. For each i “ 1, . . . , k there exist ti P N and subspaces U1i , . . . , U tii P
tρipgqUi : g P Gu such that U1i “ Ui and Vi “
Àti
j“1 U
j
i . In particular
ti`i “ di for every i “ 1, . . . , k.
Proof. Fix i and let d1i ď di be the largest integer such that we may form a
direct sum V 1i “ U1i ‘ ¨ ¨ ¨ ‘ U t
1
i
i Ď Vi with dimension d1i where U1i “ Ui and
U ji P tρipgqUi : g P Gu for each j. Note that by the previous lemma any such
sum is a ρipG˝q-invariant subspace of Vi. Clearly d1i ě `i ą 0 since Ui itself
is such a direct sum. Suppose for a contradiction that d1i ă di, then for every
g P G we have ρipgqUi X V 1i ‰ t0u since otherwise d1i would not be maximal.
If there exists g P G such that 0 ă dimpρipgqUi X V 1i q ă dimUi then by
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the previous lemma ρipgqUi X V 1i is a subspace of Vi which is fixed by every
element of ρipG˝q but has dimension strictly smaller than `i, contradicting
Lemma 5.1. Otherwise dimpρipgqUi X V 1i q “ dimUi for every g P G which
implies that ρipgqUi Ď V 1i for every g P G. It follows then that the vector
space span
Ť
gPG ρipgqUi Ď V 1i is fixed by ρipgq for every g P G but has
dimension not greater than d1i ă di, contradicting the irreducibility of the
representation ρi. We conclude that the inequality d
1
i ă di is impossible
and therefore the integer ti and subspaces U
j
i such that Vi “
Àti
j“1 U
j
i must
exist. The equation di “ ti`i follows trivially. 
For the remainder of the proof we fix for each i “ 1, . . . , k a decomposition
Vi “Àtij“1 U ji with the properties described in Lemma 5.3.
We may now define the sets Wj Ăśki“1 Gr`ipViq mentioned in the state-
ment of the theorem. By relabelling the indices i if necessary we assume
without loss of generality that maxi ti “ t1. Define p :“śki“2 ti “ pmaxi tiq´1 śki“1 ti.
Define
J :“ tj “ pj1, . . . , jkq P Nk : j1 “ 1 and 1 ď ji ď ti for all i “ 2, . . . , ku
and for each j “ pjiqki“1 P J define
Wj :“
!
pρipgqU jii qki“1 : g P G
)
Ă
kź
i“1
Gr`ipViq
and
φjpgq :“ maxpWiqki“1PWj
kź
i“1
}ρipgq|Wi}βi
for every g P G. Note that #J “ p and therefore there are exactly p sets Wj
and functions φj as required by the statement of the theorem. We observe
that if pWiqki“1 P Wj then pρipgqWiqki“1 P Wj for every g P G and hence
in particular pApiqj Wiqki“1 P Wj for each j “ 1, . . . , N . It follows that each
Wj has the invariance property claimed in the statement of Theorem 4. We
observe that for each j P J, φj and Wj meet the hypotheses of Theorem 6,
since it follows from Lemma 5.2 that pU jii qki“1 is a k-tuple of `i-dimensional
subspaces which are fixed by ρipG˝q, and since by Lemma 5.1 there can
for each i be no nonzero subspace of Vi which is fixed by ρipG˝q but has
dimension strictly less than `i. Hence each Wj is a finite set and there exist
a finite set H 1 Ă H and a constant δ ą 0 such that for each j P J we have
(5.1) δφjpg1qφjpg2q ď max
hPH 1 φjpg1hg2q, φjpg1g2q ď φjpg1qφjpg2q
for every g1, g2 P G.
Define φpgq :“ śki“1 }ρipgq}βi for every g P G. We claim that there is a
constant τ ą 0 such that
τφpgq ď max
jPJ φjpgq ď φpgq
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for every g P G. The latter of the two inequalities is trivial, so we consider
the former.
We first note that there is a constant κ1 ą 0 such that for any nonzero
linear map B1 : V1 Ñ V1 one has
κ1}B1}β1 ď max
gPG
››B1|ρ1pgqU1››β1 .
(This maximum is well-defined since the set tρ1pgqU1 : g P Gu is finite by
Lemma 5.1.) To see this it is sufficient to consider the case }B1} “ 1. If the
result is false then by compactness there exists B1 such that }B1} “ 1 and
B1|ρ1pgqU1 “ 0 for all g P G, and in particular B1|Uj1 “ 0 for all j “ 1, . . . , t1;
but since V1 “Àt1j“1 U j1 we would have B1 “ 0 by linearity, a contradiction.
We deduce the existence of the constant κ1 ą 0. In a closely-related fashion
we assert that for each i “ 2, . . . , k there exists κi ą 0 such that for any
nonzero linear map Bi : Vi Ñ Vi and any g P G one has
κi }Bi}βi ď max
1ďjďti
›››Bi|ρipgqUji ›››βi .
Clearly it suffices to prove this assertion individually for each i. By Lemma 5.1
the vector space ρipgqU ji takes only finitely many values as g varies over G,
so it is also sufficient to prove the assertion for fixed g P G. To prove the
assertion we fix i and g, reduce once more to the case }Bi} “ 1 and, applying
compactness, note that if the result is false then we can find Bi : Vi Ñ Vi with
norm 1 which is zero on
Àti
j“1 ρipgqU ji “ ρipgq
´Àti
j“1 U
j
i
¯
“ ρipgqVi “ Vi.
This is clearly impossible and the existence of κ2, . . . , κk ą 0 follows.
Now fix g P G and observe that we may choose g0 P G such that
κ1}ρ1pgq}β1 ď }ρ1pgq|ρ1pg0qU1}β1 .
We then have
κi }ρipgq}βi ď max
1ďjiďti
›››ρipgq|ρipg0qUjii ›››βi
for each i “ 2, . . . , k and therefore there exists j “ p1, j2, . . . , jkq P J such
that ˜
kź
i“1
κi
¸
φpgq “
kź
i“1
κi }ρipgq}βi ď
kź
i“1
›››ρipgq|ρipg0qUjii ›››βi ď φjpgq
by the definition of φjpgq. Since g P G was arbitrary we conclude that
τφpgq ď max
jPJ φjpgq ď φpgq
for all g P G as required, where τ :“śki“1 κi ą 0.
We are finally ready to investigate the equilibrium states of the potential
Φpiq :“ φpAiq “
kź
i“1
›››Apiqi ›››βi .
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For each j P J we define a potential Φj : ΣN˚ Ñ p0,`8q by
Φjpiq :“ φjpAiq “ maxpWiqki“1PWj
kź
i“1
›››Apiqi |Wi›››βi
and note that
(5.2) τΦpiq ď max
jPJ Φjpiq ď Φpiq
for every i P ΣN˚ as required in the statement of Theorem 4. It follows
directly that P pΦq ě P pΦjq for every j P J. Since H 1 is finite we may choose
a finite set of words F such that H 1 “ tAi : i P F u. For fixed j P J we may
for every i, j find a corresponding word k P F such that
Φjpikjq ě δΦjpiqΦjpjq
by virtue of (5.1), so each Φj is quasimultiplicative. Clearly each Φj is also
submultiplicative. It follows by Proposition 2.1 that for each j P J the
potential Φj has a unique equilibrium state µj and this measure satisfies a
Gibbs inequality with respect to Φj.
Suppose now that µ is an ergodic equilibrium state of Φ. By the subad-
ditive ergodic theorem we have for µ-a.e. x P ΣN
ΛpΦ, µq “ lim
nÑ8
1
n
log Φpx|nq
and
ΛpΦj, µq “ lim
nÑ8
1
n
log Φjpx|nq
for every j P J. Using (5.2) it follows that for µ-a.e. x P ΣN we have
ΛpΦ, µq “ lim
nÑ8
1
n
log Φpx|nq
“ lim
nÑ8
1
n
log max
jPJ Φjpx|nq
“ max
jPJ limnÑ8
1
n
log Φjpx|nq “ max
jPJ ΛpΦj, µq.
Hence there exists j P J such that ΛpΦ, µq “ ΛpΦj, µq and therefore
P pΦq “ hpµq ` ΛpΦ, µq “ hpµq ` ΛpΦj, µq ď P pΦjq ď P pΦq
so that hpµq`ΛpΦj, µq “ P pΦjq. We conclude that µ is an equilibrium state
of Φj and is therefore equal to µj. The proof of the theorem is complete.
6. The reducible case: proof of Theorem 5
Let us first prove the existence of representations of the linear maps A
piq
j as
matrices of the form (2.5). Clearly we may prove this statement separately
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for each individual i. Fix i and let ni be the maximum integer such that
there exists a basis for V in which we may write
(6.1) A
piq
j “
¨˚
˚˝˚˚A
pi,1q
j ˚ ¨ ¨ ¨ ˚
0 A
pi,2q
j ¨ ¨ ¨ ˚
...
...
. . .
...
0 0 ¨ ¨ ¨ Api,niqj
‹˛‹‹‹‚
for every j “ 1, . . . , N where each Api,rqj is an invertible square matrix with
dimension di,r. Obviously a largest such integer exists since 1 is such an in-
teger and since no such integer can be greater than di. We observe that for
each r the tuple pApi,rq1 , . . . , Api,rqN q must be irreducible: if it admits an invari-
ant subspace W with 0 ă dimW ă di,r then up to a suitable simultaneous
change of basis we have
A
pi,rq
j “
˜
A
pi,rq
j |W ˚
0 ˚
¸
which implies that the block upper triangularisation (6.1) may be refined so
as to have ni`1 diagonal blocks instead of ni, contradicting the maximality
of ni. This completes the proof of the existence of a triangularisation (2.5)
with irreducible diagonal blocks as claimed in the statement of Theorem 5.
By relabelling the indices i “ 1, . . . , k if necessary, for the remainder of the
proof we shall assume that min1ďiďk ni{di “ n1{d1. Our desired bound for
the number of ergodic equilibrium states of Φ is therefore n1
śk
i“2 di.
Let R :“ tr “ pr1, . . . , rkq : 1 ď ri ď ni for all i “ 1, . . . , ku and let us
define potentials Φ,Φr : ΣN˚ Ñ p0,`8q by
Φpiq “
kź
i“1
›››Apiqi ›››βi , Φrpiq “ kź
i“1
›››Api,riqi ›››βi
where r P R. For each µ PMσ, r P R and i P t1, . . . , ku let us define
Λ
´
Apiq, µ
¯
:“ lim
nÑ8
1
n
Nÿ
|i|“n
µprisq log
›››Apiqi ›››
and
Λ
´
Api,riq, µ
¯
:“ lim
nÑ8
1
n
Nÿ
|i|“n
µprisq log
›››Api,riqi ›››
and note that
Λ pΦ, µq “
kÿ
i“1
βiΛ
´
Apiq, µ
¯
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by direct calculation. If µ is ergodic then by standard arguments (see e.g.
[1, p. 129–130]) the equation (6.1) implies
Λ
´
Apiq, µ
¯
“ max
1ďriďni
Λ
´
Api,riq, µ
¯
.
It follows that if µ is ergodic then
ΛpΦ, µq “
Nÿ
i“1
βi max
1ďriďni
Λ
´
Api,riq, µ
¯
“ max
rPR
Nÿ
i“1
βiΛ
´
Api,riq, µ
¯
“ max
rPR Λ pΦr, µq .
Hence by the subadditive variational principle (2.1) we have P pΦq “ maxrPR P pΦrq
and if µ is an ergodic equilibrium state of Φ then it is necessarily an equilib-
rium state of Φr for some r P R as claimed in the statement of Theorem 5. By
Theorem 4, for each r “ pr1, . . . , rkq P R there exist integers t1,r1 , . . . , tk,rk
with ti,ri  di,ri for each i such that the number of ergodic equilibrium states
of the potential Φr is bounded above byˆ
max
1ďiďk ti,ri
˙´1 ˜ kź
i“1
ti,ri
¸
ď
kź
i“2
ti,ri ď
kź
i“2
di,ri
and all of the equilibrium states of Φr are fully supported. It follows that
every ergodic equilibrium state of Φ is fully supported and the number of
ergodic equilibrium states of Φ is bounded above by
ř
rPR
śk
i“2 di,ri . Let us
write dˆi,ri “ 1 when i “ 1 and dˆi,ri “ di,ri otherwise; then the number of
ergodic equilibrium states of Φ is bounded byÿ
rPR
kź
i“2
di,ri “
ÿ
rPR
kź
i“1
dˆi,ri “
kź
i“1
niÿ
ri“1
dˆi,ri “ n1
kź
i“2
di “
ˆ
min
1ďiďk
ni
di
˙ kź
i“1
di
as required. Since every equilibrium state of Φ is a linear combination of
ergodic equilibrium states, every equilibrium state of Φ is fully supported.
Clearly ni ď di for every i by the definition of ni, so ni{di ď 1 for every i.
It follows that if the number of ergodic equilibrium states is exactly
śk
i“1 di
then necessarily ni{di “ 1 for every i, which is to say ni ” di and thus for
every i “ 1, . . . , k the tuple pApiq1 , . . . , ApiqN q is simultaneously triangularisable
by the definition of ni. The proof of the theorem is complete.
7. Sharp bounds for the number of ergodic equilibrium states
It is not clear to what extent the upper bound p :“ pmaxi tiq´1 śki“1 ti for
the number of ergodic equilibrium states in Theorem 4 is optimal. Let us
briefly sketch an example which shows that 2k´1 ergodic equilibrium states
can exist in the case where ti ” 2. For simplicity only the case k “ 2
will be examined in detail since for larger k the notation quickly becomes
cumbersome. We will find it convenient to index our matrices A
piq
j starting
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from j “ 0 instead of from j “ 1 while otherwise retaining our previous
notation for ΣN , ΣN˚ and so forth. For related reasons we let e0, e1 denote
the standard basis for R2. Define
A
p1q
0 “
ˆ
0 2
1 0
˙
, A
p1q
1 “
ˆ
0 1
2 0
˙
, A
p1q
2 “
ˆ
0 2
1 0
˙
, A
p1q
3 “
ˆ
0 1
2 0
˙
,
A
p2q
0 “
ˆ
0 2
1 0
˙
, A
p2q
1 “
ˆ
0 2
1 0
˙
, A
p2q
2 “
ˆ
0 1
2 0
˙
, A
p2q
3 “
ˆ
0 1
2 0
˙
and define a potential Φ: Σ4˚ Ñ p0,`8q by
Φpiq “
2ź
i“1
›››Apiqi ››› “ ›››Ap1qi bAp2qi ›››
where b denotes the tensor product. We note that the hypotheses of The-
orem 4 are satisfied. Let Bi :“ Ap1qi b Ap2qi for each i P Σ4˚ . In the basis
e0 b e0, e1 b e1, e0 b e1, e1 b e0 for R2 b R2 we have
B0 “
¨˚
˚˝0 4 0 01 0 0 0
0 0 0 2
0 0 2 0
‹˛‹‚, B1 “
¨˚
˚˝0 2 0 02 0 0 0
0 0 0 1
0 0 4 0
‹˛‹‚,
B2 “
¨˚
˚˝0 2 0 02 0 0 0
0 0 0 4
0 0 1 0
‹˛‹‚, B3 “
¨˚
˚˝0 1 0 04 0 0 0
0 0 0 2
0 0 2 0
‹˛‹‚.
It follows that if we define
C0 “
ˆ
0 4
1 0
˙
, C1 “
ˆ
0 2
2 0
˙
, C2 “
ˆ
0 2
2 0
˙
, C3 “
ˆ
0 1
4 0
˙
,
D0 “
ˆ
0 2
2 0
˙
, D1 “
ˆ
0 1
4 0
˙
, D2 “
ˆ
0 4
1 0
˙
, D3 “
ˆ
0 2
2 0
˙
and
ΦCpiq “ }Ci}, ΦDpiq “ }Di}
for every i P Σ4 then Φ “ maxtΦC ,ΦDu. Clearly P pΦCq “ P pΦDq and
it follows that P pΦq “ P pΦCq “ P pΦDq. We may easily deduce that an
ergodic measure µ on Σ4 is an equilibrium state of Φ if and only if it is an
equilibrium state of either ΦC or ΦD. Clearly pC0, . . . , C3q and pD0, . . . , D3q
are both irreducible, so by Corollary 2.3 there exist measures µC , µD on Σ4
and a constant K ą 0 such that
K´1}Ci} ď µCprisq
e´|i|P pΦq
ď K}Ci}, K´1}Di} ď µDprisq
e´|i|P pΦq
ď K}Di}
for all i P Σ4˚ , where we have used the fact that P pΦq “ P pΦCq “ P pΦDq.
If the measures µC , µD were identical then these two Gibbs inequalities
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together would imply
lim
nÑ8 }pC0C3q
n} 1n “ lim
nÑ8 }pD0D3q
n} 1n
but the former limit is 16 and the latter is 4, so the two measures are
distinct and Φ has two ergodic equilibrium measures which is the maximum
permitted by Theorem 4.
More generally, given k ě 1 we may proceed as follows. Let bipjq denote
the ith binary digit of the integer j P t0, . . . , 2k ´ 1u starting from the least
significant digit so that j “ řki“1 bipjq2i´1. Define for each j “ 0, . . . , 2k´1
and i “ 1, . . . , k
A
piq
j “
$’’&’’%
ˆ
0 2
1 0
˙
if bipjq “ 0,ˆ
0 1
2 0
˙
if bipjq “ 1
and define Φpiq “ śki“1 }Apiqi } “ } bki“1 Apiqi } “ }Bi}, say, where Bi P
GLpbki“1R2q. In a suitable basis for bki“1R2 we may write each Bj as a di-
rect sum of 2k´1 matrices of dimension 2ˆ 2, decomposing pB0, . . . , B2k´1q
into 2k´1 irreducible 2k-tuples each of which has the same pressure and con-
tributes a distinct equilibrium state. Each 2-dimensional invariant subspace
which corresponds to a 2 ˆ 2 block is spanned by a pair of vectors of the
form bki“1ebipjq,bki“1ebip2k´1´jq for some j P t0, . . . , 2k´1 ´ 1u. When j is
fixed the limit
lim
nÑ8
›››››`BjB2k´j˘n ˇˇˇspan!bki“1ebip`q,bki“1ebip2k´1´`q)
›››››
1
n
is maximised only when ` P tj, 2k ´ 1´ ju which implies that each of these
2k´1 invariant subspaces contributes a distinct equilibrium state by analo-
gous reasoning to the case k “ 2. We leave further details to the reader. We
also leave to the reader the problem of showing that the maximum number
of ergodic equilibrium states in Theorem 5 can be attained in suitable cases
where all of the matrices are diagonal, by adapting the argument of [33,
Proposition 5.3].
The preceding example shows that the upper bound for the number of
ergodic equilibrium states in Theorem 4 is sharp in at least some cases, but
it appears to be more difficult to construct examples with large numbers of
ergodic equilibrium states when the integers ti are allowed to vary with i.
We pose the following question:
Question 1. Does Theorem 4 remain true if p :“ pmaxi tiq´1 śki“1 ti is re-
placed with p1 :“ plcmpt1, . . . , tkqq´1 śki“1 ti? More generally, what is the
smallest value of p “ ppt1, . . . , tkq for which the statement of Theorem 4
remains valid?
30 J. BOCHI AND I.D. MORRIS
As was remarked in the introduction the bound
`
d
tsu
˘`
d
rss
˘
for the number of
ergodic equilibrium states of Falconer’s singular value function ϕs is known
not to be optimal in dimension three. We advance the following conjecture
on the number of ergodic equilibrium states:
Conjecture 7.1. Let pA1, . . . , AN q P GLdpRq and s P p0, dq r Z. Then the
maximum possible number of ergodic equilibrium states of ϕs is precisely
pd´ tsuq` dtsu˘ “ rss` drss˘.
Theorem 1 resolves this conjecture positively when 0 ă s ă 1, when
d´1 ă s ă d or when s P p0, dqXZ. If s P p1, d´1qrZ and pA^tsu1 , . . . , A^tsuN q
is irreducible then the number of ergodic equilibrium states is bounded by`
d
rss
˘
as a consequence of Theorem 5, and similarly if pA^rss1 , . . . , A^rssN q is
irreducible then it is bounded by
`
d
tsu
˘
. The unresolved cases therefore occur
when s P p1, d ´ 1q r Z and both pA^tsu1 , . . . , A^tsuN q and pA^rss1 , . . . , A^rssN q
are reducible. We also ask:
Question 2. Let pA1, . . . , AN q P GLdpRq and s P p0, dqr Z. If pA1, . . . , AN q
has at least pd´ tsuq` dtsu˘ ergodic equilibrium states with respect to ϕs, does
it follow that pA1, . . . , AN q is simultaneously triangularisable?
Since it was shown in [33, Theorem D] that the maximum possible number
of ergodic equilibrium states is pd´ tsuq` dtsu˘ when the matrices A1, . . . , AN
are simultaneously triangularisable, a positive answer to Question 2 would
resolve Conjecture 7.1. A positive answer to Question 2 in the case d “ 2
follows directly from Theorem 5, and we are able to give a positive answer
for d “ 3 and d “ 4 by a somewhat laborious case-by-case analysis. In
dimensions higher than four the question remains open.
We remark that the upper bound for the number of ergodic equilibrium
states given by Theorem 1 was derived by disregarding the relationship be-
tween the tuples pA^tsu1 , . . . , A^tsuN q and pA^rss1 , . . . , A^rssN q and instead treat-
ing the two tuples as if they were entirely unrelated. In order to obtain
sharp upper bounds for the number of ergodic equilibrium states it seems
intuitively reasonable that the relationship between the two tuples should
be exploited in some way, perhaps by the use of partial flags of tsu- and rss-
dimensional subspaces of Rd instead of pairings between subspaces of ΛtsuRd
and ΛrssRd.
8. Extensions of Corollary 1.1
Let us say that an affine iterated function system pT1, . . . , TN q has the
strict monotonicity property for Hausdorff dimension if for every affine IFS
pT 11, . . . , T 1N´1q formed by deleting one of the contractions Ti and retain-
ing the rest, the attractor of pT 11, . . . , T 1N´1q has strictly smaller Hausdorff
dimension than the attractor of pT1, . . . , TN q. (Here and throughout this
section we of course assume N ě 2.) Corollary 1.1 demonstrates that if
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the contractions Ti are invertible and the affinity dimension of pT1, . . . , TN q
equals the Hausdorff dimension of its attractor, then pT1, . . . , TN q has the
strict monotonicity property for the Hausdorff dimension. However this con-
dition is not necessary for the strict monotonicity property to hold, since
it is easy to see that the strict monotonicity property is also satisfied for
the Bedford-McMullen carpets studied in [8, 35] whose Hausdorff dimension
is smaller than their affinity dimension. It is therefore natural to ask for
more general conditions under which the strict monotonicity property for
the Hausdorff dimension holds.
We recall that an iterated function system pT1, . . . , TN q acting on Rd is
said to satisfy the Open Set Condition if there exists a nonempty open
U Ă Rd such that the images T1U, . . . , TNU are pairwise disjoint subsets
of U . We say that pT1, . . . , TN q satisfies the Strong Open Set Condition
if additionally U intersects the attractor of pT1, . . . , TN q, or equivalently if
there exists i P ΣN˚ such that TiU Ă U . The Open Set Condition cannot be
sufficient for the strict monotonicity property for the Hausdorff dimension
to hold, since an example of G. A. Edgar [11, Example 1] shows that an
affine iterated function system defined by invertible affinities can satisfy the
Open Set Condition but have a singleton set as its attractor. On the other
hand the attractor cannot be a singleton set when the Strong Open Set
Condition holds. We note the following question which has been attributed
to J. Schmeling:
Question 3. Let pT1, . . . , TN q be an affine iterated function system acting
on Rd which satisfies the Strong Open Set Condition and such that every Ti
is invertible. Does pT1, . . . , TN q satisfy the strict monotonicity property for
the Hausdorff dimension?
One may of course also define and investigate the strict monotonicity
property for other notions of dimension, such as the box dimension and
packing dimension.
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